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Abstract 

O ■ 

We consider the notion of real center of mass and total center of mass of a bounded linear operator relative 

to another bounded linear operator and explore their relation with cosine and total cosine of a bounded 

linear operator acting on a complex Hilbert space. We give another proof of the Min-max equality and 

then generalize it using the notion of orthogonality of bounded linear operators. We also illustrate with 

^i ' examples an alternative method of calculating the antieigenvalues and total antieigenvalues for finite 

rvj | dimensional operators. 
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U/ 

^ ■ 1 Introduction: 

Suppose T is a bounded linear operator on a complex Hilbert space H with inner product ( , ) and norm 
|| . A bounded linear operator T is called strongly accretive if Re(Tx, x) > mj- > for all unit vectors x in 
H. For a strongly accretive, bounded operator T on a Hilbert space 

T-h ■ sup inf \\(eT - I)x\\ 2 = inf sup ||(eT-I)a;|| 

^ ■ H-,11-1 <5>0 <5>0 ||„||_i 

This is the Min-max equality in operator trigonometry and was obtained by Gustafson[31 [9] in 1968, Asplund 
and Ptdk[lJ in 1971. 
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o 
o 



>< 



The angle of an operator was introduced in 1968 by Gustafson|6j while studying the problems in the pertur- 



bation theory of semi-group generators in [7J |8] . The cosine of the angle of T was defined by Gustafson as 
follows: 

cosm = mLoWlun- (1) 



The properties of cos <ft (T) are dependent on the real part of numerical range W(T) of T. 
The quantity cos (/) (T) has another interpretation as the first antieigenvalue of T, 

MT) = u^oPTiniTir- (2) 

This concept was also introduced by Gustafson[5] and studied by Gustafson|101 [TT1 [T^] . Seddighin[20j, 
Gustafson and Seddighin|16 and Gustafson and Rao |14l[T5] . In [5] we studied the structure of of antieigen- 
vectors of a strictly accretive operator and in [17] we studied total antieigenvalues of a bounded normal 
operator. In [18] we introduced the notion of symmetric antieigenvalues. The notion of the cosine of angle 
of an operator has a connection with the min-max equality according to Gustafson's theory[[5] - [T2]] as 



sinT = v 1 — cos 2 T = min II eT— I\ 



£>0 



While studying the norm of the inner derivation Stampfli[21J proved that for any bounded linear operator 
T there exists a complex scalar zq such that \\T — zqI\\ < \\T — zl\\ for all complex scalar z. He defined zq 



as the center of mass ( or center) of T . In the Banach space B(H,H) for any two operators T and A , T is 
orthogonal to A in the sense of James[4] iff \\T + XA\\ > \\T\\ for all scalars A. Thus if zq is center of mass 
of an operator T, then T ~ zqI is orthogonal to I. We studied in [JJ] the the notion of orthogonality of two 
bounded linear operators T and A in B(H,H) and proved that T is orthogonal to A iff 3 {x n }, \\x n \\ = 1 such 
that (A*Tx n ,x n ) — > and ||Ta; n || — > ||T||.We introduce the notion of real center of mass and total center of 
mass of an operator relative to another operator and explore their relation with cosine and total cosine of 
an operator. We also give an easy proof of the Min-max equality. 



2 Center of mass of an operator : 

Before describing the definition of center of mass of an operator we first prove the following two results: 

Lemma 2.1 

For any T, A e B(H) if |e| > 2|||, \\A\\ ^ 0, then ||T|| < \\T - eA\\. 

Proof. 

T, A e B(H),\e\>2^^\\T - eA \\>\ e \ \\ A \\ -- || T ||> 2^ || A || - || T ||=|| T || . 

Hence the proof. 
Lemma 2.2 

Let T and A be two bounded linear operators on a complex Hilbert space H. Then there exists a real scalar 
eo such that 

||T-e<>4|| < ||T-eA|| Ve e R. 

Proof. We consider the function f : G —> R defined by 

/(e) = ||T-ei4||VeeG 

IITI 

where R is the set of real numbers and G C R is a closed interval centered at origin with radius 24-74. 

Then it is clear that f is continuous, bounded and G is compact. So f attains its infimum. Thus there exists 

a e e G such that /(e) > /(e ) Ve e G C R which implies \\T - e A\\ < \\T - eA\\ Ve e G. 

If e $ G then |e| > 2^|[ and so \\T - eA\\ > \\ T \\ by the above lemma. Also /(0) > /(e ) i.e., 

|| T || > ||T-e A||. Hence ||T-e A|| < ||T-eA|| if e <£ G. 

Thus \\T- e Q A\\ < \\T - eA\\ for all e S R. Hence the proof. 

Thus for any two bounded linear operators T and A there exists a real scalar eo such that 

||T-e A|| < ||T-eA|| V e e R. 

We define eo as the real center of mass of operator T relative to the operator A. 

Likewise one can show that for any two bounded linear operators T and A there exists a complex scalar Ao 

such that 

||T-A A|| < ||T-AA|| V A 6(7. 

We define Ao as the total center of mass of operator T relative to the operator A. The real center of mass 
and total center of mass of operator T relative to the operator A is not always uniquely defined. For A = I, 
Ao is the center of mass of T introduced by Stampfli in |21| . 

3 Orthogonality of two operators T and A in B(H,H) : 

In the Banach space B(H,H) for any two operators T and A , T is orthogonal to A in the sense of James[4J iff 
\\T+ XA\\ > \\T\\ for all scalars A in C. We say that T is real orthogonal to A iff ||T+e.A|| > ||T|| for all scalars 
e in R. Thus if eo and Ao are real center of mass and total center of mass of T relative to A respectively then 
T — eoA is real orthogonal to A and T — XqA is orthogonal to A respectively. We next prove two theorems 



which is going to characterize the real center of mass. 
Theorem 3.1 

The set W (A) = {e g R : 3 {x n } C H, \\x n \\ = 1, \\Tx n \\ -> \\T\\ and Re(Tx n , Ax n ) ->• e } is non-empty, 

closed and convex. 

Proof. Clearly Wq (A) is a non-empty subset. 

We now show that Wq (A) is closed. Let e n € Wo (-4-) and e„ — > e. As e„ g Wo (A) so there exists 

{^fclfcLij II ^/J II = 1 f° r a U k an( i n such that for each n = 1,2, 3, 

Re(A*Txl,x%) — > en as k — ► oo 

and 

\\Tx n k \\ —> \\T\\ as k —> oo. 

Now for each n there exists k n such that 

| Re{A*Txl,xl) - e„ | < £ and | ||Ta#|| - ||T|| | < ± for all fc > k„. So we get 

| Re{A*Txl n ,xlJ - e | < | £e(A*T:r£ n ,a:£ n ) - e„ | + | e„ - e | — >■ as n — ► oo. 

So Re{A*Txl n ,xl n ) — > e as n — ► oo. 

Similarly ||Ta£J — -> ||T|| as n — > oo. Hence e g W (A). Thus W (A) is closed. 

Following an idea of Das et al[3j we next show that Wo (A) is convex. Let /j, and rj g Wo (A) ,/i/i) and t 

be any real scalar < t < 1. Then there exist {x n } and {?/«} in H with ||a; n || = 1, \\y n \\ — 1 f° r a ll n j such 

that 

Re(A*Tx n ,x n ) — > u and ||Tx ra || — > \\T\\, 

Re(A*Ty n ,y n ) -> ?? and \\Ty n \\ -> ||T||. 

For any real scalar e and for any subsequence {x nk }, {y nk } of sequences {x n }, {y n } respectively. Suppose 

lim || x nk ± ey„ fc || = 

k — »-oo 

=> linife^oodl x nk || 2 + e 2 || y 7lk || 2 ± 2eRe(x nk ,y nk )} = 0. 

=*> lim fc ^ 00 i?e(x„ fc ,y„J = T 1 ^ 

=> e 2 = 1, otherwise | it^- |> 1 which contradicts the fact that | Re(x nk ,y nk ) |< 1. 

Let <5 rlfc = a;„ fc ± q/„ fc . Then (5„ fc — > as fc — ► oo. 

Now 

(j, = lim fc ^ 00 i?e(A*Ta;„ fc ,a;„J 

= Y\Ti\ k ^ co Re(A*T(8 nk =p ey nk )^n k T «M fc ) 

= e 2 limfe^oo Re(A*Ty nk , y„ fc ) 

= e z ?7 

= »?• 

Thus we can assume that for any real scalar e and for any subsequence {x nk }, {y nk } of sequences {x„}, {y n } 
respectively 

lim || x„ fe ± ey nk \\ ± 0. 

k too 

Now, {Re(A*T(x n + ey n ),x n + ey n )} is a bounded sequence and so it has a convergent subsequence, say, 
{Re(A*T(x nk + ey nk ),x nk +ey nk )}. Also {|| x nk + ey nk ||}, being a bounded sequence, has a convergent 
subsequence, say {|| x n + ey n ||}. We show that there exists a real scalar e for which 

lim ^*r(^+Q,<+eQ =t/i+(1 _ f)l? 

&]imi+ 00 [Re(A*Tx nk ,x nk ) + e^e^Tj/^J + e^e^Ta^,^) + Re(A*Ty' nh , x' nk )} 

- {tu + (I - t) V }\\x' nk + ey' nk \\ 2 } = 

& H + e 2 r/ + elim fe ^ 0O {i?e(4*Ta4 fc ,&, h ) + Re(A*Ty' nk ,x' nk )} 
= {^ + (l-<M{l + e 2 + 2]hn k ^ 00 Ree(x'y')} 



This on simplification yields 

e 2 + Ce - i^* = 0, (3) 

where C is a real constant independent of e. 

Equation(3) has two nonzero roots of different signs, say r± and — r 2 ( r\, r 2 > 0). 

Now {|| T(x„ ± ry n ) ||} is a bounded sequence and so it has a convergent subsequence, say, {|| 

T{x nk ± ry„ k ) ||} where r is any positive real number. 

So, 

2^K_. \\nx n .±ry n . 



\T\\ 2 > lim* 



± T-gn 



P~ 



= 11 Til 2 ±2rlim,^ 00 ^1 T ^ " U'H-.. •«.. 



Pn fc ± ^„JP 

The sign of the second term on the R.H.S. is independent of r and so for all positive real r, 
either 

|| tv *"* + H/"* ) || — ^ || T || as fc — ^ oo 
II x nk + ry nk || 
or 

|| T{ ^ 1"* ) || _► || T || as k -► oo. 
II ^n fc - ry„ fc || 



Let 



and 



ry 



nk 



r Vn k 

ry nk 



\\X nk - ry rik || 

From above we see that either ||Tz n J| — > \\T\\ and Re(A*Tz nk ,z nk ) — 5- t\x + (1 — t)r) as k — > oo, or 

||rw„ fc || — ► ||T|| and i?e(A*T'u;„ fc ,w„ fe ) — >• tfi + (1 — t)r] as k — > oo. 

Hence t/j, + (l-t)r] E W (-A). Thus W (-A) is convex. 

This completes the proof of the theorem. 

We now prove the following Theorem : 

Theorem 3.2 

||T|| < ||T-e^|| Vee R iff 3 {x„}, \\x„\\ = 1 such that Re(A*Tx n ,x n ) -> and ||Tx„|| ->• ||T||. 

Proof. Suppose 3 {x n }, \\x n \\ — 1 such that (A*Tx n ,x n ) — > and ||Tx„|| — *• ||T||. 

ThenlKT-eA)^!! 2 = ||Tx„|| 2 +e 2 || Ae„|| 2 - 2Re e(Tx„, Ar„), Ve E R. So ||T - eA|| 2 > limsu Prwco ||(T - eA)x„|| 2 > 

||Tj| 2 Ve € R. Hence \\T - eA\\ > \\T\\ Ve E R. 

Conversely let ||T|| < \\T - eA\\ Ve £ R. We need to show E W Q (A). 

Without loss of generality we can assume that ||A|| = 1. 

Suppose g" Wq(A) . Then as Wo (A) is closed and convex by rotating T suitably we can assume that 

W (A) >r)>0. 

Let M = {x E H : \\x\\ = 1 and Re (Tx,Ax) < rj/2} and (3 = sup xeM \\Tx\\. We first claim that /3 < \\T\\. 

Suppose j3 = \\T\\. Then there exists x n E M such that ||Tx„|| -»• ||T||. As x„ E M so Re{Tx n , Ax n ) < r//2 

and ||x„| = 1. Now {Re(Tx n , Ax n )} is a bounded sequence and so it has a convergent subsequence, without 

loss of generality we can assume that {Re(Tx n , Ax n )} is convergent and converges to some point fi (say). 

Then /u E Wo (A). Now Re(Tx n , Ax n ) < rj/2 and so /j, < rj/2. This contradicts the fact that W n {A) > i]. 

Let e = min{?7, &j£}. 

Let xE M . Then \\(T - e A)x\\ < \\Tx\\+ | e | ||Ac|| < /3 + {(||T|| - /3)/(2||A||)}P|| = ||T||/2 + (3/2. So 

su Px£M and M=1 \\(T-e A)x\\ < (\\T\\+(3)/2 < \\T\\. 

Again let x (/ M. Then let Tx = (a + ib)Ax + y, where (Ax,y) = 0. Now 2a > 2a||Ax|| 2 = 2Re(Tx, Ax) > 

rj > eo and so 2a — eo > 0. So 

||(T-e A)x|| 2 = {(a-e ) 2 + fo 2 }||Ar|| 2 + ||y|| 2 

= ||T.T|| 2 + (eo 2 -2ae )||A a; || 2 

< ||Tx|| 2 + (eo 2 -2aeo) 

< ||T|| 2 + (e 2 -2ae ) 



Hence sup xfM and w=1 1| (T - e A)x\\ 2 < \\T\\ 2 + (e 2 - 2ae ). Thus in all cases \\T - e a A\\ < \\T\\. Hence 

3 {x n }, \\x n \\ = 1 Vn, (Ta; n ,^4a;„) -> and ||Tx„|| -*■ ||T||. 

So far we proved that for any two operators T and A in B(H) with \\A\\ < 1, ||T|| < \\T — eA\\ Ve G R implies 

that 3 {x n }, \\x n \\ — 1 such that Re(A*Tx n ,x n ) — > and ||Tx„|| — ¥ \\T\\. 

This completes the proof. 

From the last theorem it follows that if eo is the real center of mass of T relative to A then 3 {x„}, ||x„|| = 1 

such that Re((T - e A)x n ,Ax n ) -> and \\(T - e A)x n \\ ->• ||T-e A||. 

We next show the uniqueness of eo under the assumption that the approximate point spectrum of A, cr app (A) 

does not contain 0. Suppose 

||T|| = \\T - e Q A\\ < \\T - eA\\ V e eR and e £ 0. 

Then 3 {x„}, ||x n || = 1 such that ((T — eoA)x n , Ax n ) — > and ||(T — eo^-) a; ri|| -^ \\T — eoA\\ . 
So 



2 



2i 



HT-eo^H = lim{||(T-coA)a:„ir} 

= lim{||Tx„|| +eo||^4a;„|| - 2Re(e (Tx n , Ax„))} 

= lim{||Tx„|| -eoll-Axnll } 

= lim{||Ta; n || } - | e | lim{||Ax„|| } 

< lim{||Tx„|| } , since f- (J app (A) 

< \\T\\ 2 

This contradicts the fact that ||T|| = \\T — 6qA\\. Hence eo = 0. 

We give an example to show that eo may not be unique if G o a pp{A). 

Let T and A be two bounded linear operators defined on R 2 as T (x,y) = (x,0) and A(x,y) = (0,y), 

V (x,y)eR 2 . Then \\T\\ = \\T-A\\ = \\T-(-l)A\\< \\T-eA\\ V e G R. 

We are now in a position to prove 

Theorem 3.3 

(Min-max equality) For a strongly accretive, bounded operator T on a Hilbert space 

sup inf ||(eT-7>|| 2 = inf sup ||(eT - 7>|| 2 . 
||x||=i e>0 e>0 11x11=1 

Proof. For a fixed but arbitrary y G H, \\y\\ — 1 we have 

\\(eT-I)y\\ 2 < sup ||(eT-/)x|| 2 



=> inf ||(eT-/)y|| 2 < inf sup || (eT - I)x\\ 2 

£>0 e>0 ^ =1 

This holds for all y in H with \\y\\ — 1. So 

sup inf \\{eT-I)x\\ 2 < inf sup || (eT - 7>|| 2 . 

||x|| = l c>0 e>0 ||x|| = l 

For the converse part we use the notion of center of mass of an operator. As T is strongly accretive so there 
exists a real scalar e > such that 



||e T-/|| = inf||(eT-/)||. 

£>0 

Further there exists a sequence {x n }, ||x„|| = 1 such that Re((eoT — I)x n ,Tx n ) — > and ||(eoT — I)x n \ 

\\e T-I\\. 

Now 

||e T-/|| 2 = lim ||(e T-/)x„|| 2 



= lim {1- 2eoRe(Tx ni x n ) + e 2 \\Tx n \\ 2 } 



_Z VL \ -L. ti-i ■yy ■ Xj 



,2 



= li m {l _ — —«>"»/ , 

n-s-oo ||Tx n || 

,„ Re(Tx,x) , , . 
< sup{l / } * 

||x|| = l \\ Tx \\ 

For a fixed y in H with ||y|| = 1 we see that 

||(cT - I)y\\ 2 = 1 - 2eRe(Ty,y) + e 2 \\Ty\\ 2 

(Ty 

Ty\\ 



achieves its minimum at e(y) = fl ^' 2 and the minimum value is 



Using this in (*) we get 



and so 



• tut t T \ ii2 1 R e ( T y,yY 

inf || (eT-I)y || =1- ^ ||2 



e r— Z|| 2 < sup inf \\{eT - I)x 



11x11=1 



_i e>0 



inf sup || (eT — /)x|| < sup inf ||(eT — 7)x|| 

«>0 luii-i ' lUII-i oo 



||x|| = l 

Thus we have the Min-max equality 

sup inf||(eT-/)x|| 2 = inf sup ||(eT - I)x\\ 2 . 

||x|| = l e>0 e>0 ||x|| = l 

Next, if eo is the real center of mass of a bounded linear operator T , then there exists a sequence {x n } in 
H, ||» n || = 1, Re((I - e Q T)x n ,Tx n ) -+ and \\{I - e T)x„|| -> ||J - e T||. 
For a bounded linear operator T the antieigenvalue is defined as 

cosT= inf Re{TX > x) 



||Tx||^o ||Tx||||x|| 

We next prove the theorem 
Theorem 3.4 

Suppose eo is the real center of mass of a strictly accretive, bounded linear operator T. Then cosT = 

limyj-^oo iiTx"'il where {x n } is a sequence of unit vectors in H, Re((I — eoT)x n ,Tx n ) — > and ||(7 — 

e T)x„||->||/-e T||. 

Proof. As eo is the real center of mass of T so there exists a sequence {x n } 1 \\x n \\ = 1 such that Re((I — 

e T)x n ,Tx n ) -> and \\(I — e T)a;„|| -> \\I - e T\\ and 

||J-eor|| = inf||7-eT|| = inf sup \\(I - eT)x\\ . 

£>0 £>0 ||a;|| = l 

As in Theorem 3.3 we have 

rr 7-112 r ri tC^\J-X n ,X n ) , 

\ e o T - m = J 1 ™ U M rp„ M2 1 



n^oo ||Tx n ,, 

2 



ReiTx.x 

< sup {1 A^_ 

||x||=i \\Tx\\ 

< sup inf||(/-eT)x|| 2 

||x|| = l c>0 

= lkoT-/|| 2 



This shows that 



. Re(Tx,x) Re(Tx n ,x n ) 

in! — J— „ — = hm ^— — n — = cos T. 

|x||=l Td n^oo ||Tx„|| 



We next give an example to calculate antieigenvalue for a finite dimensional operator using the above method. 
Example 3.5 

T = I _ . I be an operator on a two dimensional complex Hilbert space H. Let, z = [z\,Z<xf G 77, 

where |zi| 2 + |z 2 | 2 = 1. Then, Re{Tz,z) = 1 and ||Tz|| = Jl + \z 2 \ 2 . Now, sup,M, =1 inf e>0 ||(eT - I)z\\ = 



vCK5 and this supremum is attained by the vector zq = (zi,0)*, where \zi\ — 1. Then, eo = 0.5 and 

||e T - I|| = VOl. Now, cosT = fle g? f o) = ^- 

In [T^] we proved that if Ao is the total center of mass of T then there exists a sequence {x n }, \\x n \\ — 1 such 

that ((J - X T)x n , Tx n ) -> and ||(7 - A T)x„|| -> ||I- A T||. 

For a bounded linear operator T the total antieigenvalue is defined as 

|cos|T= inf I(TX ' X)I 



||Tx||^0 ||Tx||||x|| 

In |17| we also studied the total antieigenvalue of a bounded linear operator. 

We now prove the theorem 

Theorem 3.6 

For a bounded linear operator T on a Hilbert space 

sup inf ||(AT-7>|| 2 = inf sup ||(AT - I>|| 

||x||=l AeC AeC ||x||=l 

Proof. For a fixed but arbitrary y £ 77, \\y\\ — 1 we have 



| (AT- 7)2/11 2 < sup \\(XT-I)x\\ 



=> inf || (AT -7)2/11 2 < inf sup ||(AT - I)x\\ 2 

AtC AtG ||a;|| — 1 

This holds for all y in H with ||y|| = 1. So 

sup inf ||(AT-7>|| 2 < inf sup ||(AT - 7)a;|| 2 . 

||x||=l XeC XeC ||x||=l 

For the converse part we use the notion of center of mass of an operator. As T is a bounded linear operator 
so there exists a scalar Ao such that 

||A T-7|| = mf ||(AT-/)||. 

AtO 

Further there exists a sequence {x n } 7 \\x n \\ = 1 such that ((XqT — I)x n ,Tx n ) — > and ||(AoT — I)x n || — > 

l|A T-7||. 

Now 

||A T-7|| 2 = hm ||(A T-7)x„|| 2 

n— >oo 

= lim {1 - 2Re\ a (Tx n ,x n ) + A 2 ||Tx„|| 2 } 

|2 

\\Tx n \ 



_ lim {l - l{TXn ' X ^ ! } 



11x11 = 1 -T» 



For a fixed y in H with \\y\\ = 1 we see that 

||(AT - I)yf = 1 - 2ReX(Ty,y) + X 2 \\Ty\\ 2 



achieves its minimum at X(y) = }& , n and the minimum value is 

inf||(AT-/) y || 2 = l l(Ty ' 2/)|2 



Using this in (*) we get 



and so 



Aec" v '"" \\Ty\\ 



\X T-I\\ 2 < sup inf ||(AT-i>|| 



inf sup || (AT- I)x\\'< sup inf ||(AT - I)x\ 

AeC 11x11=1 11x11 = 1 AeC 



\(Tx n ,x n )\ 

\\Tx n \\ 



Thus we have the equality 

sup inf || (AT -I)x\\ 2 = inf sup ||(AT - I)x\\ 2 . 

||x||=l AeC XeC \\x\\=l 

Theorem 3.7 

Suppose Ao is the total center of mass of a bounded linear operator T. Then, |cos| T = lim,, 
where {x n } is a sequence of unit vectors in H, ((/ — X Q T)x ni Tx n ) — > and ||(I— A T).t„|| — > ||7 — A T| 
Proof. In [IS] we proved that if Ao is the total center of mass of T then there exists a sequence {x n }, \\x n \\ = 1 
such that ((I - X T)x„,Tx n ) -> and ||(7 - A T)x„|| -^ ||I- A T|| and 

||7-A T||= inf ||I-AT|| = inf sup ||(I-AT)a;|| . 

\ec \ec \\ x \\ = i 

As in Theorem 3.6 we have 

iw./i" - jtay-l^^J!} 

11x11=1 \\Tx\\ 2 



< sup inf ||(7- XT)x 

\\x\\ = l^ C 



2 



= \\X T-I 



2 



This shows that 



• , I (Tx, x) | | (Tx n ,x n ) | 

inf — ,, m ., — = iim — - — = cos J 

||x|| = l \T X *-*» TxJ ' ' 



We next give an example to calculate total antieigenvalue for a finite dimensional operator using the above 

method. 

Example 3.8 

T = . I be an operator on a two dimensional complex Hilbert space H. Let, z = {z\,Z<xf £ H, 



where | Zl | 2 + |z 2 | 2 = 1. Then, \{Tz,z)\ = yf 1 + |z 2 | 4 and ||Tz|| = yT + |z 2 | 2 . Now, sup w=1 inf Ae c \\{XT - 
I)z\\ = \/2 — 1 and this supremum is attained by the vector zq — {zx^z-if. where |z 2 | = Vz — 1. Then, 
Aq = izl^ril and||A T-J|| = a/2-1. Now, |cos| T = R % z ^ o) = V?V2 - 2. 
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